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Abstract
An abstract group G is called totally 2-closed if H = H(2),Ω for any set Ω with
G ∼= H ≤ Sym(Ω), where H(2),Ω is the largest subgroup of Sym(Ω) whose orbits on
Ω×Ω are the same orbits of H. In this paper, we prove that the Fitting subgroup of
a totally 2-closed group is a totally 2-closed group. We also conjecture that a finite
group G is totally 2-closed if and only if it is cyclic or a direct product of a cyclic
group of odd order with a generalized quaternion group. We prove the conjecture
in the soluble case, and reduce the general case to groups G of shape Z · X, with
Z = Z(G) cyclic, and X is a finite group with a unique minimal normal subgroup,
which is nonabelian.
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1 Introduction and results
Let Ω be a set and G be a group with G ≤ Sym(Ω). Then G acts naturally on Ω× Ω by
(α1, α2)
g = (αg1, α
g
2), where g ∈ G and α1, α2 ∈ Ω. The 2-closure of G on Ω, denoted by
G(2),Ω, is defined to be the subgroup of Sym(Ω) leaving each orbit of G on Ω × Ω fixed.
By [15, Theorem 5.6]
G(2),Ω = {θ ∈ Sym(Ω) | ∀α, β ∈ Ω, ∃g ∈ G,αθ = αg, βθ = βg}.
Furthermore, G(2),Ω contains G and is the largest subgroup of Sym(Ω) whose orbits on
Ω×Ω are the same orbits of G [15, Definition 5.3 and Theorem 5.4]. I. Schur introduced
the notion of 2-closure as a tool in the study of permutation groups [15]. In 1969, Wielandt
initiated the study of 2-closures of permutation groups to present a unified treatment of
finite and infinite permutation groups, based on invariant relations and invariant functions
[15].
After Wielandt’s pioneering work, there was some progress on the subject achieved
mostly in the case of primitive groups and the connection of 2-closure with the graph
isomorphism problem [4, 6, 7, 9, 10, 11, 12, 13, 14].
Since G ≤ G(2),Ω, as an interesting question, it is asked in [1] that how far the 2-closure
of a permutation group G is from G? Then an abstract group G called totally 2-closed
whenever it coincides with its 2-closure in all of its faithful permutation representations.
In [1], it is proved that the center of any finite totally 2-closed group is cyclic (and
so it is totally 2-closed) and a finite nilpotent group is totally 2-closed if and only if it is
cyclic or a direct product of a generalized quaternion group with a cyclic group of odd
order. Then two natural questions arise:
Question 1. Let G be a totally 2-closed group. Which proper subgroups of G are
totally 2-closed?
Question 2. Is there any non-nilpotent totally 2-closed finite group?
In this paper, we give some partial answers to the above questions and, among other
results, we prove the following:
Theorem A. Let G be a totally 2-closed finite group. Then F (G) is totally 2-closed.
In particular, it is cyclic or a direct product of a generalized quaternion group with a
cyclic group of odd order.
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Theorem B. Let G be a finite soluble group. Then G is totally 2-closed if and only if
it is cyclic or a direct product of a cyclic group of odd order with a generalized quaternion
group.
In fact, we prove much more than Theorem B. Namely, that if G is a finite group, and
G does not have shape Z.X with Z = Z(G) cyclic and X finite with a unique minimal
normal subgroup, which is nonabelian, then G is totally 2-closed if and only if it is cyclic
or a direct product of a generalized quaternion group with a cyclic group of odd order.
(See Proposition 4.1.)
Our notations are standard and are mainly taken from [3], but for the reader’s conve-
nience we recall some of them as follows:
Sym(Ω): The symmetric group on the set Ω.
Q2n : The generalized quaternion group of order 2
n, n ≥ 3.
Cn: The finite cyclic group of order n.
αg: The action of g on α.
Gα: The point stabilizer of α in G.
αG: The orbit of α under G.
Z(G): The center of G.
F (G): The fitting subgroup of G.
Op(G): The intersection of all Sylow p-subgroups of G.
HG: The core of the subgroup H of G, that is the intersection of all G-conjugates
of H .
2 Proof of Theorem A
By the Exercise 5.28 of Wielandt’s book [15, Exercise 5.28], a finite group G ≤ Sym(Ω)
is a p-group if and only if G(2),Ω is a p-group. First, for the completeness, we prove this
exercise and generalize it to nilpotent groups.
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Lemma 2.1. Let G ≤ Sym(Ω) be a transitive p-group, |Ω| <∞. Then G(2),Ω is a p-group.
Proof. Since G is a transitive p-group, |Ω| = pk, for some integer k ≥ 1. Also there exists
P ∈ Sylp(Sym(Ω)) such that G ≤ P . Let ∆ = {α1, . . . , αp} be a subset of Ω of size p and
C = 〈(α1, . . . , αp)〉. Define recursively: P1 = C acting on ∆; and Pm = Pm−1 ≀∆ C acting
on ∆m for m ≥ 2. Then Pm acts faithfully on ∆
m. Now P ≤ Sym(Ω) is permutation
isomorphic to x−1Pkx ≤ Sym(∆
k) for some x ∈ Sym(∆k), for more details see [3, Example
2.6.1], and so it is permutation isomorphic to Pk ≤ Sym(∆
k). Now [2, Theorem 5.1]
implies that P
(2)
k is 2-closed on ∆
k. Hence P is 2-closed on Ω, by [1, Lemma 2.2]. Thus
G(2),Ω ≤ P is a p-group. 
Corollary 2.2. Let G ≤ Sym(Ω), |Ω| <∞ and p be a prime. Then G is a p-group if and
only if G(2),Ω is a p-group.
Proof. Let G has m orbits Ω1, . . . ,Ωm on Ω. Since the orbits of G
(2) on Ω are the same
orbits of G, we have G(2),Ω ≤ G(2),Ω1 × . . .×G(2),Ωm . On the other hand, by [15, Exercise
5.25], for each i we have G(2),Ωi ≤ (GΩi)(2),Ωi , i = 1, . . . , m. Since GΩi is a transitive
permutation p-group, Lemma 2.1 implies that for each i, (GΩi)(2),Ωi is a p-group. Hence
G(2),Ω is a p-group. The converse direction is clear, and the proof is complete. 
Corollary 2.3. Let G ≤ Sym(Ω) be finite and P ∈ Sylp(G). If G
(2),Ω = G then P (2),Ω = P
and (Op(G))
(2),Ω = Op(G).
Corollary 2.4. Let G ≤ Sym(Ω) and |Ω| <∞. Then G is nilpotent if and only if G(2),Ω
is nilpotent.
Proof. Let |G| = pn11 . . . p
nr
r , where p1 < p2 < . . . < pr be primes and n1, . . . , nr ≥ 1 be
integers. Let Pi be the Sylow pi-subgroup of G. Then G = P1 × . . .× Pr. First suppose
that G is transitive on Ω and αG = Ω. Then Lemma [1, Lemma 4.5] implies that the
action of G on Ω is equivalent to the pointwise action of G on Ω1 × . . . × Ωr, where
Ωi = α
Pi. Let ∆ = Ω1 × . . . × Ωr. Since Pi acts transitively on Ωi, [2, Theorem 5.1]
implies that, in the pointwise action on ∆, G(2) = P
(2)
1 × . . .×P
(2)
r . On the other hand, by
Corollary 2.2, P
(2)
i is a pi-group and so P
(2)
i is a Sylow pi-subgroup of G
(2), which means
that G(2) is a nilpotent group.
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Now let G have m orbits Ω1, . . . ,Ωm on Ω. Then by a similar argument in the proof of
Corollary 2.2, G(2),Ω ≤ (GΩ1)(2),Ω1 × . . .× (GΩm)(2),Ωm . Since for each i, GΩi is a transitive
nilpotent permutation group, the above argument follows that G(2),Ω is nilpotent. 
Next, we discuss the Universal Embedding Theorem. Let G be a finite group, and
N a normal subgroup of G. Suppose that N acts faithfully on a set ∆. Let Γ := G/N ,
and let T be a right transversal for N in G. Also, for g = Ny ∈ Γ, let tx be the
unique element of T such that Ny = Ntg. Then G acts faithfully on the finite set
Ω := ∆× Γ via the rule (δ, g)x := (δ
tgxt
−1
gψ(x), gψ(x)). Let χ be the permutation character
of N acting on ∆. Then the permutation character of G acting on Ω is the induced
character χ ↑GN . Whence, Mackey’s Theorem implies that the permutation character of
N on Ω is χ ↑GN↓N=
∑m
i=1 χNxi∩N ↑
N , where {x1, . . . , xm} is a set of representatives for
the (N,N) double cosets in G. Since N is normal in G, it follows that Nxi ∩ N = N ,
and in fact that {x1, . . . , xm} is a set of representatives for the right cosets of N in G.
Thus, we conclude that χ ↑GN↓N= mχ. That is, the permutation action of N on ∆ is
permutation isomorphic to the natural action of N on a disjoint union of [G : N ] copies of
∆. In fact, this permutation isomorphism can be viewed as follows: the orbits of N in its
action on Ω are the sets ∆g := {(δ, g) : δ ∈ ∆}, for g ∈ Γ. The permutation isomorphism
θg : (N,∆g) → (N,∆) is given by n→ tgnt
−1
g , (δ, g)→ δ.
Next, let P be a group theoretic property which is closed under normal extension. That
is, if H and K are normal P-subgroups of a finite group G, then HK is a (necessarily)
normal P-subgroup of G. Thus, we can define the largest normal P-subgroup of any finite
group G: we denote this subgroup by OP(G). Examples of group theoretic properties
which are closed under normal extension include nilpotency and solubility.
Lemma 2.5. Let P be a group theoretic property which is closed under normal extension
with the property that whenever Ω is a finite set with X ≤ Sym(Ω) a P-subgroup, we
have that X(2),Ω has property P. Suppose that G ≤ Sym(Ω) is 2-closed. Then OP(G) is
2-closed.
Proof. By [1, Lemma 2.3], the group OP(G)
(2),Ω is normal in G = G(2),Ω. The hypothesis
on P then guarantees that OP(G)
(2),Ω is P, and hence that OP(G)
(2),Ω ≤ OP(G
(2),Ω) =
OP(G). The result follows.
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Proposition 2.6. Let G be a finite totally 2-closed group. Then the Fitting subgroup
F (G) of G is totally 2-closed.
Proof. Let F := F (G) and let ∆ be a set on which F acts faithfully. Let Γ := G/F and
Ω := ∆ × Γ. Then G acts faithfully on Ω by the Universal Embedding Theorem. With
this embedding, we have that F (G)(2),Ω = F (G), by Lemma 2.5 and Corollary 2.4.
Now, for each g ∈ Γ, let Fg := F
(2),∆g ≤ Sym(∆g), and let µg : F1 → Fg be a
permutation isomorphism (see the paragraph above for an explanation of this notation).
Then F1 acts faithfully on Ω by the rule (δ, g)
z = (δµg(z), g), for δ ∈ ∆, g ∈ Γ, and z ∈ F1.
Furthermore, the natural copy F˜ of F in F1 acts faithfully on Ω via restriction, and by the
paragraph above this action is permutation isomorphic to the action of F on Ω coming
from the Universal Embedding Theorem. Denote by F˜ ′ and F ′1 the images of F˜ and F1
in Sym(Ω) under this embedding. Since (F˜ ′,Ω) is permutation isomorphic to (F,Ω), we
have that F˜ ′(2),Ω = F˜ ′.
Now, fix z ∈ F ′1. Then by definition of F
′
1 we have that for all (δ1, δ2) ∈ ∆ ×∆ there
exists f ∈ F˜ ′ such that (δ1, δ2)
z = (δ1, δ2)
f . Hence, for all ((δ1, g1), (δ2, g2)) ∈ Ω × Ω, we
have
((δ1, g1), (δ1, g2))
z = ((δ
µg1 (z)
1 , g1), (δ
µg2 (z)
2 , g2)) = ((δ
µg1 (f)
1 , g1), (δ
µg2 (f)
2 , g2)) = ((δ1, g1), (δ2, g2))
f .
Hence, z ∈ F˜ ′(2),Ω = F˜ ′. Whence, F ′1 ≤ F˜
′. Since |F1| = |F
′
1| ≤ |F | ≤ |F1|, so we have
|F | = |F1| and hence F = F
∆, as needed.
The proof of Proposition 2.6 can be adapted to prove that the centraliser in G of any
normal subgroup of a totally 2-closed group is totally 2-closed.
Proposition 2.7. Let G be a finite totally 2-closed group, and let N be a normal subgroup
of G. Then CG(N) is totally 2-closed.
Proof. Let C := CG(N) and let ∆ be a set on which C acts faithfully. Let Γ := G/C and
Ω := ∆ × Γ. Then G acts faithfully on Ω by the Universal Embedding Theorem. Also,
C(2),Ω = C by [1, Lemma 2.1]. The result now follows as in the second paragraph of the
proof of Proposition 2.6 above.
Proof of Theorem A Let G be a totally 2-closed. Then F (G) is a totally 2-closed
group by Proposition 2.6. Since, by [5, 1.28 Corollary], F (G) is nilpotent, [1, Theorem 2]
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implies that F (G) is cylic or a direct product of a generalized quaternion group with a
cyclic group of odd order, as desired. 
3 Proof of Theorem B
In this section, we will prove that every finite soluble totally 2-closed group is nilpotent
and so it is a cyclic group of a direct product of a cyclic group of odd order with a
generalized quaternion group.
Lemma 3.1. Let G = HK, where H,K are proper subgroups of G and H ∩K = 1, be a
totally totally 2-closed group. Then G = H ×K and both H and K are totally 2-closed.
Proof. Let Γ and ∆ be the set of right cosets of H and K, respectively and Ω = Γ ∪∆.
Then for all x, y ∈ G, we have G = HxKy = HKy [5, Problem 1A.4]. Consider the
actions of G on Γ, ∆ and Ω by right multiplication. Then G acts on Ω faithfully. Since
GHx = H
x and GKy = K
y for all x, y ∈ G, the Wielandt’s Dissection Theorem [15,
Dissection Theorem 5.6] implies that G/HG × G/KG = G
Γ × G∆ ≤ G(2),Ω. Since G is
totally 2-closed, G(2),Ω = G and so G = HGKG, which implies that K = KG E G and
H = HGEG, which means that G = H ×K. Now [1, Lemma 2.9] implies that H and K
are both totally 2-closed groups. 
In the following corollary, we determine the structure of normal Sylow subgroups of
totally 2-closed groups.
Corollary 3.2. Let G be a totally 2-closed group. Then every normal Sylow subgroup of
G is cyclic or a generalized quaternion group.
Proof. Let P be a normal Sylow subgroup of G. Then G = P ⋊ H [5, 3.8 Theorem],
for some subgroup H of G. Hence, by Lemma 3.1 and [1, Theorem 2], P is cyclic or a
generalized quaternion group. 
Proof of Theorem B. One direction is clear by [1, Theorem 2]. Conversely, suppose
that G be a finite soluble totally 2-closed group. Let p be a prime divisor of |G| and
P ∈ Sylp(G). Since G is soluble, it has a Hall p
′-subgroup H . Hence G = HP , where
H ∩ P = 1. Since G is totally 2-closed, Lemma 3.1 implies that P EG. This means that
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G is a nilpotent group. Now [1, Theorem 2] implies that G is cyclic or a direct product
of a cyclic group of odd order with a generalized quaternion group. 
We conjecture that there is no non-nilpotent totally 2-closed group.
Conjecture. A finite group G is totally 2-closed if and only if it is cyclic or a direct
product of a generalized quaternion group with a cyclic group of odd order.
In the following corollary, we give a partial answer to the above conjecture:
Corollary 3.3. Let G be a finite group of even order which has a cyclic Sylow 2-subgroup.
Then G is totally 2-closed if and only if G is cyclic. In particular, if G is a group of order
2n, where n is odd, then G is totally 2-closed if and only if G is cyclic.
Proof. Since the Sylow 2-subgroup of G is cyclic, it has a normal 2-complement [5, 5.14
Corollary]. Hence G = H ⋊ P , where P ∈ Sylp(G). If G is totally 2-closed, then Lemma
3.1, implies that either H = 1 or G = H × P , where H and K are both totally 2-closed.
In the first case there is nothing to prove and in the later case, G is cyclic by Theorem
B. 
4 The insoluble case
In the previous section, it is conjectured that every totally 2-closed group is nilpotent and
so it is a cyclic group or a direct product of a cyclic group of odd order with a generalized
quaternion group. Suppose that G is a counterexample to the conjecture of minimal order.
Let F = F (G) and consider the generalized Fitting subgroup F ∗ = F ∗(G) of G.
If F 6= Z(G) then, by Proposition 2.7, CG(F ) is a totally 2-closed group of order
strictly smaller than |G|, so CG(F ) is nilpotent. So CG(F ) ≤ F , and hence F = F
∗ by
[5, 9.9 Corollary]. It follows that F ∗ is either cyclic or a direct product of a cyclic group
of odd order with a generalized quaternion group. Thus, G/Z(F ∗) ≤ Aut(F ∗) is soluble,
and the conjecture follows from Theorem B.
So we may assume that F = Z(G). Since CG(F ) is totally 2-closed, the minimality
of |G| implies that F ∗ = Z ◦ T , where T is a central product of t copies of a quasisimple
group S permuted transitively by G, and Z(T ) ≤ Z(G). In particular, Z(T ) is cyclic.
Furthermore, T/Z(T ) = TZ(G)/Z(G) ∼= (S/Z(S))t is the unique minimal normal sub-
group of G/Z(G). Indeed, if M/Z(G) is a minimal normal subgroup of G/Z(G) with
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M 6= TZ(G), then M/Z(G) must be nonabelian (otherwise, M/Z(G), and hence M , is
nilpotent, soM ≤ F (G) = Z(G)). WriteM/Z(G) = S1/Z(G)×S2/Z(G)× . . .×Se/Z(G),
where the groups Si/Z(G) are nonabelian simple. Then choose Ri ≤ Si minimal with the
property that RiZ(G) = Si. Then Z(G)∩Ri ≤ Φ(Ri), and Ri/Ri∩Z(G) is simple. Thus,
Z(Ri) = Ri ∩ Z(G), so Ri/Z(Ri) is a nonabelian simple group, and it follows that Ri
is quasisimple. Since Ri is subnormal in G, it follows that the group R = 〈R1, . . . , Re〉
is contained in F ∗. Since any two distinct components in a finite group commute, we
deduce that [R, T ] = 1. This contradicts the minimality of T , since CG(R) would then be
a totally 2-closed group of order strictly less than G containing T .
We deduce the following.
Proposition 4.1. A minimal counterexample G to the Conjecture has shape Z.X, where
Z = Z(G) is cyclic, and X has a unique minimal normal subgroup which is nonabelian.
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